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26 $\supset \mathrm{i}$ Col $p=2,3$
$Rud$ $p=2$ r Fi22,
$Fi_{23},$ $Fi’24$ $p=2,3$
$HN$ $p=2$ ( $p=2$
)
Infinite-dimensional Lie Algebras, Monster




$G$ $p$ $G$ $p$ p-
$P,$ $Q$ $G$ $p$- $PQ$ $G$ p-
$G$ $p$- $O_{p}(G)$
$G$ $H$ (local subgroup) $H$
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$R$ $Nc(R)$ $R\leq O_{p}(N_{G}(R))$
Lie (unipotent radical-parabolic subgroup
$O_{p})$
1(Borel- Tits) $G$ $P$ Lie $G$
p
minimal weight module
$q=p^{e}$ $p$ $GL_{n}(q)$ $n=n_{1}+\cdots+n_{k}$
$(n_{1}, \ldots, n_{k})$
$\{ |U_{n_{t},n_{\mathrm{J}}}\in M_{n_{t},n\mathrm{J}}.(q)(1\leq j<i\leq k)\}$
$I_{n}$ , $n_{i}$ ‘ $U_{n_{i},n_{j}}$ $q^{n_{i}n_{j}}$ $M_{n_{i},n_{j}}(q)$
$R$ $GL_{n}(q)$ $p$- $V:=GF(q)^{n}$
$G:=GL_{n}(q)$ $V$ : $G$ $V$ : $R$ $V$
$V\cap Z(V : R)=c_{V(R)}\neq 1$ $C_{V}(R)$
26




$V$ $V_{1}=Cv(R)\leq V_{2}\leq\cdots$ V4 $=V$ $i=1,$ $\ldots,$ $k$
$V_{i}/V_{i-1}$ $R$ ( $V_{0}=\{0\}$ )
$R$ $R$ $ni=\dim(V_{i}/V_{i-1})$
$(i=1, \ldots, k)$ ( $U$ )
$V$ – $Cv(R),$ $V/Cv(R)$ ( $R$ $Nc(R)$
$N_{G}(R)$ $N_{G}(R)$
$U$ $U$
$U$ $U$ ( $U_{i1}U_{i2}\cdots I_{i}$ )
$U$ $R$ $U$ $N_{G}(R)$ p-














3 $G$ $p$- $R$ $N_{G}(R)$ $M$ $N_{G}(R)\leq$
M.
(1) $O_{p}(M)\leq R$ .
(2) $O_{\mathrm{p}}(M)$ $R$ $R/O_{p}(M)$ $M/O_{p}(M)$ p-
(1) $N_{G}(R)$ $M$ $M$ $O_{p}(M)$
$R$ $Nc(R)$ ( $RO_{p}(M)$ $RO_{p}(M)\cap NG(R)$ { $Nc(R)$
$P$-
$R\leq RO_{p}(M)\cap N_{G}(R)\leq O_{p}(N_{G}(R))$
$R$ $o_{p}(N_{G}(R))=R$ P
























$p$- $M$ $O_{p}(M)$ $G$
$M/O_{p}(M)$ $p$- $R$ $N_{G}(R)\leq M$






$M_{1}$ ( ) $G$
r $M$
$O_{p}(M)$ $p$ $\Omega_{1}(Z(o_{p}(M)))$ p-
$P$ $M$
$N_{G}(\Omega_{1}(Z(Op(M)))$ $M$













4 $\Omega_{1}(Z(o_{p}(M)))$ $p$ $p$ - $M$ $M/O_{p}(M)$
$M/O_{p}(M)$ - $M$ $O_{p}(M)$
$\Omega_{1}(Z(o_{p}(M)))$ $G$ $p$ - G-
$M/O_{p}(M)$
r $M$ r
5 $B_{P}(A\cross B)=\{U\cross V\neq o_{P}(A\cross B)|U\in B_{p}(A)\cup\{O_{p}(A)\}, V\in\beta_{p}(B)\cup\{O_{p}(B)\}\}$
$G$ ($p$ ) ( $P$
) $P$-
$[\mathrm{Y}\mathrm{o}3, \S 1]$
4 - $J_{4}$ 2\leftrightarrow
4.1
$G:=J_{4}$ 2- $\iota$ $M_{\mathit{2}4}$
$M_{\mathit{2}\mathit{2}}$ ( 3 ) $Fi_{\mathit{2}4}’$
2
$2A,$ $2B$ $2A$ ( $2A$ )
2- $2B$
2- ( $2^{11}$ : $M_{\mathit{2}4}$
) 2- 4
$M_{1}:=C_{G}(2A)\cong 2_{+}^{11\mathit{2}}+$ : $((3\cdot M_{\mathit{2}2}).2)$
$M_{\mathit{2}}:=N_{G}(2A^{3})\cong 2^{3+1\mathit{2}}.(S_{5}\cross GL_{3}(2))$
$M_{3}:=N_{G}(2^{11})\cong 2^{11}$ : $M_{\mathit{2}4}$
$M_{4}:=N_{G}(2^{10})\cong 2^{10}$ : $GL_{5}(2)$
2- $C_{G}()$ $N_{G}()$
$2A,$ $2A^{3},2^{11},2^{10}$ $2A$ $2^{3}$
2 $2A$ $2^{11}$ $2^{10}$
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$X.Y$ $X$ $\mathrm{Y}$
$X$ : $Y$ $Y$
$X\cdot Y$ ( )
$S_{5}$ 5 $GL_{3}(2),$ $GL_{5}(2)$ 3 5 –
$\iota$ $.M_{\mathit{2}4}$ $M_{2\mathit{2}}$ .
$2^{11},2^{10}$ $2^{11},2^{10}$ (
) $2^{3+12}$




$S$ $Z(S)$ 2 $S/Z(S)$ $2^{1\mathit{2}}$
$2^{7}$ (
$2^{13}$ 2- (extraspecial) )
$R_{i}:=O_{\mathit{2}}(M_{i})(i=1, \ldots, 4)$
$R_{i}$ $Z_{i}:=Z(R_{i})$ $R_{1}\cong 2_{+}^{1+1\mathit{2}}’ \text{ _{ } }$
$Z_{1}$ 2 $2A$ $R_{\mathit{2}}\cong 2^{3+1\mathit{2}}$
$Z_{2}$ $2^{3}$ 2- $M_{\mathit{2}}=N_{G}(R_{\mathit{2}})=N_{G}(Z_{2})(M_{2}$
) $2^{3}$ $Aut(2^{3})\cong GL_{3}(2)$
$C_{G}(Z_{\mathit{2}})$ $C_{G}(z_{\mathit{2}})\underline{\triangleright}R_{2}$ ,
$C_{G}(Z_{\mathit{2}})/R_{\mathit{2}}\cong S_{5}$ $i=3,4$ $R_{i}=Z_{i}$
$M_{i}$ $Cc(zi)$ $R_{i}=Z_{i}$ – $M_{i}/R_{i}$ $Z_{i}$






$M_{4}arrow M_{3}arrow M_{\mathit{2}}arrow M_{1}$
$M_{i}(i=1, \ldots, 4)$ 2-
$R$ $N_{G}(R)$ $M_{1}$ $M_{4}$
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4.2 2-
$R$ $G=J_{4}$ 2- $R$
$i=1,$ $\ldots,$ $4$ $N_{G}(R)\leq M_{i}$
Step 1. $N_{G}(R)\leq M_{4}$ 3 $R=R_{4}$ $R/R_{4}$ ( $M_{4}/R_{4}\cong$




$U_{F}$ $GL_{5}(2)$ $V:=GF(2)^{5}$ ( $e_{1},$ $\ldots,$ $e_{5}$ )
$p:=\langle e_{1}\rangle\subset l:=\langle e_{1}, e_{\mathit{2}}\rangle\subset\pi:=\langle e_{1}, e_{\mathit{2}}, e_{3}\rangle\subset h:=\langle e_{1}, e_{\mathit{2}}, e3, e4\rangle$
$F$ ($p,$ $l,$ $\pi,$ $h$ (point) (line)
$(\mathrm{p}\mathrm{l}\mathrm{a}\mathrm{n}\mathrm{e})_{\text{ }}$ (hyperplane) ) $F=\{p, l, h\}$
$U_{F}$ ( $p\subset l\subset h\subset V$





( $*1$ $I_{4}0$ ) $\},$ $U_{l}=\{$
$\{\},$ $U$
$\{$ ( $I_{2}**$ $*01$ $I_{2}00$ ) $\}$ ,
$\{$




( $I_{3}*$ $I_{2}0$ ) $\},$ $U_{h}=\{$
$\},$ $U_{ph}=\{$
$\},$ $U_{\pi h}=\{$ $*01$
$I_{\mathit{2}}0*0$ $0001)\}$ ;
( $I_{4}*$ $01$ ) $\})$.
$001)\}$ ;
$001)\}$ ;
$U_{p\pi h}= \int$ ( $**1$ $I_{2}*0$ $I_{2}00$ $000$ ) $[,$ $U_{l\pi h}= \int$ ( $I_{\mathit{2}}**$ $*01$ $001$ $000$ ) $1$ ;
(( $*$ $*$ $*$ 1 $\int/$ ( $|*$ $*$ $*$ 1 $Jj$
$U_{pl\pi h}=$ /T-FIJ4(*
15 $GL_{5}(2)\cong M_{4}/R_{4}$ 2- $U_{F}$ $M_{4}$
$R_{4}^{F}$ : $R_{4}^{F}/R_{4}=U_{F}$ . $R_{4}=R_{4}^{\emptyset}$
$N_{G}(R)\leq M_{4}$ $G$ 2 $R$ $M_{4}$
$F\subseteq\{p, \mathit{1}, \pi, h\}$ $R=R_{4}^{F}$
$R_{4}^{F}$ $G$ 2- $R_{4}^{F}$
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$N_{G}(R_{4}^{F})$ $M_{4}$ 2- $M_{i}(i=1,2,3)$
.: .
$M_{4}/R_{4}\cong GL_{5}(2)$ $R_{4}\cong 2^{10}$
$GL_{5}(2)$ (5 ) $V=GF(2)^{5}$ $W:=\wedge^{2}(V)$
$R_{4}$ $V$ $e_{i}$
. $(i=.1, . . ;’ 5)$






$l$ $F$ $Z(R_{4}^{F})=^{c_{R_{4}}(}U_{F})=\langle e_{12}\rangle$
$Z(R_{4}^{h})=\langle e_{i}j|1\leq i<j\leq 4\rangle\cong 26$ , .
$Z(R_{4}^{p})=\langle e_{1\mathit{2}}, e_{13}, e14, e15\rangle\cong 2^{4}$ ,
$Z(R_{4}^{\pi})=Z(R_{4}^{\pi}h)=\langle e_{12}, e_{1}3, e23\rangle\cong 2^{3}$,
$Z(R_{4}^{ph})=\langle e_{12}, e_{13}, e14\rangle\cong 2^{3}$ ,
$Z(R_{4}^{p\pi})=Z(R_{4}^{p\pi})h--\langle e_{12}, e_{13}\rangle\cong 2^{2}$ .
$z_{4}\cong 2^{10}$ 2 $e_{12}$ $2A$ -(
$Z_{4}$ ) $F$
$R=R_{4}^{F}-$ $2A$ 2 $N_{G}(R)$
$2A$ $M_{1}$
$F$ $R=R_{4}^{F}$ $N_{G}(R)\leq M_{1}$
. $R_{3}$ $R_{4}$
[Ja]
(1) $Z(R_{4}^{\pi})$ $Z(V_{2})$ $R=Z(R_{4}\pi)$ $N_{G}(R)$ $M_{\mathit{2}}$
.
$-$ . .. “.4. $\cdot$




(3) $Z(R_{4}^{ph})$ $V_{3}$ ( $Z(R_{3}^{o\mathrm{o}})$ )
$M_{3}$ $R=Z(R_{4}^{ph})$ $N_{G}(R)$
$M_{3}$
(4) $Z(R_{4}^{h})$ $V_{3}$ ( $Z(R_{3}^{o})$ )
$M_{3}$ $R=Z(R_{4}h)$ $N_{G}(R)$ $M_{3}$
$R=R_{4}^{p}$ $N_{G}(R_{4}^{p})\leq M_{4}$ (
$R_{4}^{p}$ $R_{4}^{p}$ $M_{4}=Nc(R_{4})$
) $R_{4}^{p}$ $G$ 2-
$G=J_{4}$ 2- $R$ $N_{G}(R)\leq M_{4}$ , $R$
$i=1,2,3$ $N_{G}(R)\leq M_{i}$ $R=R_{4}$
$R=R_{4}^{p}$ $R_{4}$ $R_{4}^{p}$ $G$ 2-
Step 2. $N_{G}(R)\leq M_{3}$ $M_{3}/V_{3}\cong M_{\mathit{2}4}$ $V_{3}\cong 2^{11}$
, $=$ $M_{24}$
$\overline{\mathcal{G}}$
24 $\Omega$ 8 $B$ 5
$B$ $B$ –
2 – $\Omega$
– $B$ $\Omega$ 8
24 $M_{24}$ $B,\text{ }$ (






1 $M_{24}$ $\iota$ $M_{\mathit{2}4}$ 2-
13
4 $O,$ $T,$ $S$ ,
13 $F$ $U_{F}$ (
$\mathit{0},$ $T,$ $S$ , p $l$ . $\pi$ . $h$
)
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$O,$ $T,$ $S,$ $O\square ,$ $\tau\square ,.OT,$ $OS,$ $\tau s$ ,
$OTS,$ $oT\square ,$ $oS\square ,$ $TS\square ,$ $OTS\square$ .
$M_{3}/V_{3}$ $M_{24}$ – $M_{24}$ 2- $U_{F}$ $M_{3}$
$R_{3}^{F}$ $R_{3}^{\emptyset}=V_{3}$




(1) $F\ni S$ $Z(R_{3}^{F})$ $2A$ 2 $R_{3}^{F}$
$M_{1}$
(2) $Z(R_{3}^{T\mathrm{o}})=z(R_{3}^{OT}\mathrm{o})\cong 2^{\mathit{2}}$ $N_{G}(Z(R_{3}^{T\mathrm{o}}))$
$M_{2}$
$N_{G}(R^{T\square },)3.$ $N_{G}(.\cdot R_{3}^{O\tau 0})$
$M_{\mathit{2}}$
(3) $Z(R_{3}^{T})=Z(R_{\mathrm{s}^{T}}^{o})\cong 2^{3}$ { $Z(V_{\mathit{2}})$ $N_{G}(R_{3}^{\tau})$ $N_{G}(R_{3}^{O}\tau)$
$N_{G}(Z(V_{\mathit{2}})=M2$
(4) $Z(R_{3}^{(}’)\cong 2^{6}$’ $N_{G}(Z(R^{O})3)$ $M_{3}$
$N_{G}(R_{3}^{o})\leq N_{G}(Z(R^{O})3)\leq M_{3}$ $R_{3}^{O}$ $G$ 2-
(5) $Z(R_{3}^{O}\mathrm{O})\cong 2^{3}$ $N_{G}(Z(R_{3}^{o\square }))$ $M_{3}$
$N_{G}(R_{3}^{O}\mathrm{o})\leq M_{3}$ $R_{3}^{O\mathrm{O}}$ $G$ 2-
$G=J_{4}$ 2- $R$ $N_{G}(R)\leq M_{3}$ , $R$
$i=1,2$ $N_{G}(R)\leq M_{i}$ $R=R_{3}$ ,
$R_{3}^{O}$ $R_{3}^{O\square }$ $R_{3},$ $R_{3}^{O}$ $R_{3}^{O\square }$ $G$ 2-
. .. $:’$ .$\iota$
Step 3. $N_{G}(R)\leq M_{2}$ , $M_{\mathit{2}}/V_{2}$ $S_{5}\cross GL_{3}(2)$
5 $R\neq V_{2}$ $R/V_{2}$ $S_{5}\cross GL_{3}(2)$
2- $R/V_{\mathit{2}}=R_{c}/V_{2}\cross R_{n}/V_{\mathit{2}}$
$R_{c}/V_{\mathit{2}}$ $S_{5}$ 2- $R_{n}/V$ $GL_{3}(2)$
2- . .’
$S_{5}$ /J $\rangle$ 2-







$GF(2)^{3}$ $l$ $p$ $GF(2)^{3}$
$GL_{3}(2)$ 2- 3 $U_{F}(F=p, l, p, l)$
$C_{G}(Z(V\mathit{2}))/V_{\mathit{2}}\cong S_{5}$ $V_{\mathit{2}}/Z(V_{2})\cong 2^{1\mathit{2}}$
$M_{\mathit{2}}/C_{G}(Z(V2))\cong GL_{3}(2)$ $V_{\mathit{2}}$ $Z(V_{2})\cong 2^{3}$
$R$ $Z(R)$ ( $Z(V_{2})$
$Z(R)’=Z(V_{2})\cap C_{G}(R_{n}/V_{\mathit{2}})$
( $R_{c}/V_{2}$ $Z(V_{2})$
) $M_{2}/C_{G}(V_{\mathit{2}})\cong GL_{3}(2)$ $Z(V_{\mathit{2}})\cong 23$
$GL_{3}(2)$ 2- $R_{c}/V_{\mathit{2}}$ $F=p$ $pl$ $U_{F}$
( $R_{c}/V_{\mathit{2}}$ ) $Cz(V_{2})(U_{F})$ $2A$
2 $N_{G}(R)(\leq N_{G}(Z(R)))$ $M_{1}$
$F=l$ $Z(R)$ { $Z(V_{\mathit{2}})$ $Z(R_{3}^{T}\mathrm{o})$
$N_{G}(R)\leq Nc(z(R))\leq M_{2}$ $R$
$G$ $R_{c}/V_{2}=1$ $Z(R)=Z(R_{\mathit{2}})$
$N_{G}(R)\leq N_{G}(Z(V_{2}))=M_{\mathit{2}}$ $G$
$G=J_{4}$ 2 $R$ $N_{G}(R)\leq M_{2}$ , $R$
$N_{G}(R)\leq M_{1}$ $R$ ( $M_{2}/V_{\mathit{2}}\cong s_{5}\mathrm{X}GL\mathrm{s}(2)$
( )
1( $V_{2}$ ), $U_{1},$ $U_{\mathit{2}},$ $U_{3};U_{l},$ $U_{1}\cross U\iota,$ $U_{2}\cross U_{l},$ $U_{3}\cross U_{l}$
8 $G$ 2-
$N_{G}(R)\leq M_{1}$ $V_{1}=O_{\mathit{2}}(M1)$
4 $M_{1}/V_{1}\cong 3M_{\mathit{2}\mathit{2}}2$ 2-







6 $G=J_{4}$ 2- 28
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